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357. 
A SUPPLEMENTARY MEMOIR ON THE THEORY OF MATRICES. 


[From the Philosophical Transactions of the Royal Society of London, vol. CLVI. (for 
the year 1866), pp. 25—35. Received October 24,—Read December 7, 1865.] 


M. HERMITE, in a paper “Sur la théorie de la transformation des fonctions 
Abéliennes,” Comptes Rendus, t. XL. (1855), pp. 249, &c., establishes incidentally the 
properties of the matrix for the automorphic linear transformation of the bipartite 
quadric function aw’ + yz —zy’—wa', or transformation of this function into one of 
the like form, X W’+YZ’—ZY’— WX’. These properties are (as will be shown) 
deducible from a general formula in my “Memoir on the Automorphic Linear Trans- 
formation of a Bipartite Quadric Function,” Phil. Trans. vol. CXLvIm. (1858), 
pp. 39—46, [153]; but the particular case in question is an extremely interesting one, 
the theory whereof is worthy of an independent investigation. For convenience the 
number of variables is taken to be four; but it will be at once seen that as well 
the demonstrations as the results are in fact applicable to any even number whatever 
of variables. 


Article Nos. 1 and 2. Notation and Remarks. 


1. I use throughout the notation and formule contained in my “ Memoir on the 
Theory of Matrices,” Phil. Trans. vol. CXLVHL (1858), pp. 17—37, [152], and in the 
above-mentioned memoir on the Automorphic Transformation. With respect to the com- 
position of matrices, the rule of composition is as follows, viz., any line of the compound 
matrix is obtained by combining the corresponding line of the first or further com- 
ponent matrix with the several columns of the second or nearer component matrix; it 
is very convenient to indicate this by the algorithm, 


(a, a, a”), (B, B By (y, Y”, y”) 


(a, bie La, Bs, Y Pet, te, 6 
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which exhibits very clearly the terms which are to be combined together; thus in 
the upper left-hand corner we have (a, b, cía, a, a”), and so for the other places in 
the compound matrix. 


2. It is not in the Memoir on Matrices explicitly remarked, but it is easy to 
see that sums of matrices, all the matrices being of the same order, may be multiplied 
together by the ordinary rule; thus 


(A+ B)(C+D)=AC+AD+4+ BC+ BD: 


this remark will be useful in the sequel. 


Article Nos. 3 to 13. First Investigation. 


3. We have to consider the formule for the automorphic linear transformation 
of the function ww’ + yz’ — zy’ — wa', that is, of the function 


COFO, 0, —1 Qa, y, 2, wha’, y, 7, w) 


0, 0, —1, 0 
Er 0, O, 0 
Us E, 0, 0 


=(QUoe, y, 2, wie, y”, 2, w’), 
viz., if the variables are transformed by the formule 
(0, Y 2, wy) = (GX > ZW, 
(fy, E, W= (AA. E, 2, 11, 
then the matrix (II) is such that we have identically 
(QU, y, 2, wha’, y, Z, W)=(Q$4X, Y, Z, WX’, Y, Z, W’); 


the expression for (II) is given in my memoir [153] above referred to; viz. observing 
that the matrix (Q)-is skew symmetrical, then (No. 13) we have 


1 =0(0-W(Q+T)" 0, 
where T is an arbitrary symmetrical matrix. 


4. I propose to compare with the matrix II the inverse matrix II", Recollecting 
that in the theory of matrices (ABCD) =D C= B AT, we have 
TI =0(0+D(0-D-0; 


and it is to be shown that II and II~ are composed of terms which (except as to 
their signs) are the same in each, so that either of these matrices is derivable from 
the other by a peculiar form of transposition. It is to be borne in mind throughout 
that T is symmetrical, Q skew symmetrical. 


www.rcin.org.pl 


440 A SUPPLEMENTARY MEMOIR ON THE THEORY OF MATRICES. [357 


5. I write for greater convenience 
-I =0-(T-0)(T +0)" 0, 
-TII =07 (T.+ 0) (T - 0) 0, 
and I compare in the first instance the matrices (T — Q)(Y+M)” and (T+0)(T-Q)-. 


6. Any matrix whatever, and therefore the matrix (Y + Q)”, may be exhibited as 
the sum of a symmetrical matrix and a skew symmetrical matrix; that is, we may 


write 


(T+0)°=T7 +0, 
where Y is symmetrical, Q’ is skew symmetrical. We have then 
(T+0)(T+0)=(T+0)(1'+ 0, =1, 
where, here and in what follows, 1 denotes the matrix unity. Moreover 


T-Q=tr. (T+), 


and thence 
(T-0)2=(tr.(1+0)>—=tr. (T+ 0) = tr. (14+0)=-0'; 


that is 
(CTS 0) =T-0'; 


and thence also 
(1-0) (1-0) =(T-0)1-0”=1. 


We have therefore 
(T-0)(T+0)"=(T+0-20)(1'+0)=1 - 20 (T + 0”, 
(T+ 0)(T-0)?=(T-0420)(T —- 0) =14 20 (1 — 0”. 


7. Suppose for a moment that 
T+ =( a, b, e, dp) 


RS ger me 
inde de 


and therefore 


D, Fs, TN 
CO, Wik 
a, Sd p | 
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8. We have 
=0(1+05=( . : : LAG; 0 4 e) 
; 1 x C5 Se ee 
-1 ; 9, | ot 
ok : ; : ih, 0, 0 p- 
= ( ae re A j á 
( E AA i 
ERR i 4 ` y 
(= d T » y 4 > 
=( ™, n, 0, P ). 
ADA k, 1 | 
cance ee ane -a | 
—a, —b, -c, -d ! 
9. And similarly, 
Q(T - Q’) = : : . SLAY ee 61m) 
e AAA 
' 1 Or i, ban 0 
1 ad, hi tl, -p 
(a, b, o d), (e f, g, h), Ġ j, k, D, (m, m o, p) 
=( a 2 P > i 4 
Ene . -l ) Y p ft > 
(A 1 ; 0) sl 5 j J 
(x ; ; A 4 ps A 7 
=(-d, —h, —l, —p ). 
o, =9, —k, —o 
| AIR : n 
| a, e, p m 


10. Hence also 
(T-—O0)(T+0)°=( 1+2m, 2n, 20, 2p ), 


2, 14%, 2%, 2l | 
ie) = of, A AN 
a Sh) id ad 


56 
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and 
(T+0)(T - 0)” =( l1— 2d, —2h, — 2l, —2p ), 
— 2c, 1-29, —2k, — 2o 
2b, 2f, 142), 2n 
2a, 2e, 2i, 1+2m 


so that these matrices are composed of terms which, except as to the signs, are the 
same in each. 


11. Now in general if 
Oci gt E a 


then it is easy to see that 
QBN=( 8, - of tm a a), 
o” > y” ? a De ? PT a” 
0, -Y, ge a’ 
aa a NN - OA | 


and hence, from the foregoing values of (Y—0Q)(Y+Q)" and (Y+20)(Q-—T)”, we 
find 


1 =- Q0-(T- 0) (T+0)0=( -1+2d, 2c, — 2b, — 2a ), 

2h, —1 +29, — If, — 2e 

a), 2k, —1-29%, — 2 

2p, 20, —2n, —1-2m 

and y 

It =-07(T4+ 0)(T-—Q)7 0X =( —1-—2n, — 2, 2e, 2a ); 

—2n, —1-2), 2f, 2b 

— 20, —2k, —1+29, 2c 

— 2p, — 21, +2h, —1+2d 


this shows that the matrix II for the automorphic transformation of the function 
aw +yz — zy’ — wg is such that writing 


U=( A; B, Cy Do) we have Toa P, L, -H, —D), 
EF, GA OY ae A E, 
Eid, Kyo L Liew, ie? Eye ee 
iM, N, 0, P| ee age N 


which is the theorem in question. 
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12. I remark in reference to the foregoing proof that writing 

Te 16.2, wh hhina 

| h b, f, m| 
AA A E N 
iso mpi nyt d 
thea the actual value of 
ES AO A A ar 
H Modan PL 


fe de 
bt e nd E E & 
is 
_1(4+d. , H+n+v, G-m-p, L-l+p ) 
-A KRt- Bee , F-fir M-gteo 
G-m+p F-f-2r, C+b , Nih+r 
L-l-p, M-g-oc, N+h-7, D+a 
where 
(Ls E, OEA 
EE By? E 
Gy Fi Be ae 
Be Me NAD 


is the matrix formed with the first minors of 


(a, h, g, l); 


h, db, fm 
Be de Gai 
A ae 


moreover 
A=ad—P +nh=-mg+1, p=bc—f*+nmh —mg +1, 
p=bn—mf+dh=ml , c=fg-—ch+gl -na , 
v=dg—nal +nf-cm , T=hf—bg+ma—lh : 


and A is the determinant 


Ce itive eR ey Ped) 
BD Ja Fe oe 
2. pee Be om 4 an 
PE, oh oh Wo oe 


www.rcin.org.pl 


56—2 


443 


444 A SUPPLEMENTARY MEMOIR ON THE THEORY OF MATRICES. [357 


viz., this is 


l |+ad—P+be—f?+2(nh—mg) +1. 

m 
GS Ts. OM 

d 


13. The expression for (Y —Q)” is obtained from that of (Y +Q)y* by merely 
transposing the terms of the matrix, or, what is the same thing, by changing the 
signs of A, u, v, p, a, T. And it would be easy by means of these developed values 
to verify the foregoing comparison of (T— Q)(T +)” and (T + 0)(T — Q). 


Article Nos. 14 to 22. Second Investigation. 
14. I consider from a different point of view the theory of a matrix 


HI =(a, b, c,d ) such that T-=(. op, l, =h -d ), 


e, I, 9, h 0, k, Da > 
a , ds k, l R, — Ĵĵ, f b 
m NM, 0, P —m, —?!, e, a 


or, as we may call it, a Hermitian matrix. 


15. Lemma. The determinant 
Mal ds 0,0, 0 
A 
t, FE 
| M, Ny: 0,-p 
may be expressed, and that in two different ways, as a Pfaffian. 


16. In fact multiplying the determinant into itself thus, 


a S. (Sy e a a, 6, =b, —a@ t, 
| ee e h, 9 —f, —€ 
Lite TP nd ll k -j, —1 
| m, n, 0, p P 0, —N, -m 
we find 
(d,c,—b, — a), (h, 9, —f, — e), (l, k, —j, —1), (p, 0, —n, — m) 

V2=(a, b, c, d) | A e i y =| 81, 812, Sis, Su |> 
(e, f, 9 h) y pe bs fs Ma e Del 
(5,7 dE e) pa J M A | oa» E. De. de 
(m, n, 0, p) 4 > » » Sa, Sia, Sas, Sas | 
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viz. we have s,=(a, b, c, did, c, —b, — a), 5.=(a, b, c, dýh, g, —f, — e), &e.: we see 
at once that s,=0, S + Sa = 0, &c., viz. the determinant in s is a skew determinant, that 
is, the square of a Pfaffian. We have therefore 


V?3= (Sia S34 + S13 S4o + S14 Sa), 


or extracting the square root of each side, and determining the sign by a comparison 
of any single term, we have 


Vi = Sia 834 + Sig Sí + S14 Saz, 


which is one of the required forms of V. 


17. And in the same manner 


Viste. +45 db, 0," |: MAS A, 
E, Fe MAN VO k, l 
yooh Bonk —e, -f, -g, —h 
|, 0, Pp =4, —b, -c, -d 


which is equal to the determinant 


(m, t, m e a), (n, ĵ, =f, ani b), (0, k, —9, =c), (p, l, —h, —d) 


tis te, ts, tu | = (a, €, +, m) 5 me pa $ 
| ba, be, tog, tz | (0, f, 3,1) » » » > 
to» tse, tas, tu | (0,9 k,0) » » » » 
\ bas tes, RAI RE T p) bo . a ¥ 


viz. t,=(a, e, i, mým, i, —e, — a), €c.; this is likewise a skew determinant, and we 
have 
2= (thy bay + ths ba + tha bos)”, 


or extracting the square root of each side, and determining the sign by the comparison 
of any single term, we have 


V = bety + bis Eso + bag bos, 
which is the other of the required forms of V. 


18. Consider now the matrix 


(Qe; Od Ae, TUR) 
Pe Fig de 

ta ee ee 

| 
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which is such that 


(a, b, C, d y =( P, l, — h, =d ); 


Eb FG nh 0, k, -g, -c 
$393, okai —n, —j, fÍ, b 
M, 2, 0, TP | -m, —?!, e, a 
this gives 
CA md e lhe. | Ao Ll, —h, —-d) 
0, E 028 e FAng, E 0, k, -g, —C 
Ge: To VU, TI ES a —j, f, b 
VO 4 471 |m, n, 0, P —m, —?, e, a 
(p, 0, —n, —m), (L k, —j, — i), (— h, — 9, f e), (— d, — c, b, a) 
=(4,D, e, dy y he 3 a 
(e, f, 9, h) » » » » 
(1,3, k, l) » » > £ 
(m, n, 0, p) | $ 93 = » 


which is in fact 


(1, 0, 0, 0 )=( Su, 88, —S2 —8n ) 
O a Sm» 82 — Sn. — Sy 
Oa St Su, 833, — Sa — Sa 
0.0.0 71 Su, Ss — 8a, .— Sa 


and the two matrices will be equal, term by term, if only 
1 = 814 = 83, 0 = Sig = 812 = Su = S34, 
that is, if six conditions are satisfied. 


19. But we have also (a matrix and its reciprocal being convertible) 


(1,0 CAO jat -“s, E, =k, “=—d Y) aip2b,sve,mad>) 


040 e EA k, =g; —C Pg a 

05/0) vee | =, ds Ss b E at lek 

iO CO ee | —m, — i, e, a41]1m me 0; p 

(a, e, 2, m), (0, f, j, n), (c, 9, k, 0), (d, h, l, p) 

=( P, Lin why Sep DO N) » » ia 
O. “6; k, -—g, —C) 3 ha » » 
Gh, =j fo b) 4 la M 5 
(-m, —?t, e, a) 8 i 5 » 
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which is in fact 


a ie ee | ee oe tos, tas, tus +); 
E EA. hs, tos tos, tss 
0, Oy: Er =b — ta, — te, — tye | 
Othe dl —tn, —ta, —ta, — ty | 


aud we obtain for the equality of the two matrices the six conditions 
Ll=ty=ty, O=t3=be = ty = by, 
equivalent to the former set of six conditions. - 


20. We obtain from either set of conditions, for the determinant the value 


V=|¢2 0, 0, 0, |=E. 
SENDA h | 
IAB | 
hm, 2, 0, p` 
21. Write 
(2, y, 2 w)=(a, b, c, d YX, Y, Z, W); (e, y, 2; wy=(a, b, ¢, d 1X”, Y, Z, W), 
le, fi 9h | les fg hl 
i,j, kl oP ee 
mM, n; 0, p |m, nm, 0, p 


/ 


then substituting for (æ, y, z, w) (a’, y”, Z, w) their values, we find 


nw ye = Y e wal=—( ty, hea ts, te OX, Y, Z, WÓX”, Y, Z, WA, 


toy > to, > tos > toy 


ts, la», bis, bss | 
gern ER a E e PE Gk ey IN 
=e i: 


= XW + YZ -ZY - WX’; 
and similarly writing 


(X, YZ, W)=( P, l, —h, -d Yo, y, 2,10); (X, Yo, W’)=( P, Ll, —h, -d Ya, yz, w’), 
| | k, =g 6 | 


| 9, ahea 0, 


A E ab —n,—-j, f, b) 


| | 
l!—m, -% €, a |—m, —-t, €, «a 
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we obtain with the s coefficients the equivalent result, 

XW + YZ -ZY — WX’ = aw + yz — zy — wr. 
We thus see conversely that the Hermitian matrix is in fact the matrix for the auto- 
morphic transformation of the function ww’ + yz’ — zy — wa’. 

22. Considering any two or more matrices for the automorphic transformation of 
such a function, the matrix compounded of these is a matrix for the automorphic 
transformation of the function—or, theorem, the matrix compounded of two or more 
Hermitian matrices is itself Hermitian. 


Article No. 23. Theorem on a Form of Matrices. 


23. I take the opportunity of mentioning a theorem relating to the matrices 
which present themselves in the arithmetical theory of the composition of quadratic 
forms. Writing 


(X) =( : a" ,: @ 5648 )and.. (X= al a Y ly HO Beep) 
-a , ESAS fhe =y , ; , b+ 8, -a 
-0 > — (b— B), a Y C ) —(b+ 8), PAN a 
—(6+8), -¢ ,.-¥,) - i —(b— £), a BA, e | 
where D = ac — b, A= ay — 6; and similarly, 
Ray ate ie Wee oe Be Ue A A Sd, VB) 
—a’ , } UB, € -y , 7 UAB) -ad 
-4 y —(b'— B”, 0 , Y 4 > =- (0'+ 8”, soe a 
| —(0'+8), =C ETE Y ? . —(0'—B”, a’ xf Sees 


where D'=awc — b”, A’ =a'y’— 8"; then 
(XXX) +D- A) (D'— A) (XALX, 
or, what is the same thing, 
(XXX) +(D- 4) (D -4A (XX) 
is to a factor près equal to the matrix unity; viz. writing 
A=aa+2b8 + cy +44 + 20'B'+cy, 


the foregoing expression is 
a A > 


1 


The theorem is verified without difficulty by merely forming the expressions of the 
compound matrices (X Y X^) and (XX), 
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